
ASYMPTOTIC STATISTICAL EQUIVALENCE
FOR SCALAR ERGODIC DIFFUSIONS

ARNAK DALALYAN AND MARKUS REISS

Abstract. For scalar diffusion models with unknown drift function asymptotic equiv-
alence in the sense of Le Cam’s deficiency between statistical experiments is considered
under long-time asymptotics. A local asymptotic equivalence result is established with
an accompanying sequence of simple Gaussian shift experiments. Corresponding globally
asymptotically equivalent experiments are obtained as compound experiments. The results
are extended in several directions including time discretisation. An explicit transformation
of decision functions from the Gaussian to the diffusion experiment is constructed.

1. Introduction

Different statistical models often exhibit comparable features when they are considered
under some natural asymptotics. In nonparametric statistics the problems of estimating a
signal in Gaussian white noise, a regression function or a density of i.i.d. observations can
all be handled by the same techniques, e.g. using kernel smoothers or projection methods,
and the asymptotic minimax properties for the estimation risk usually coincide. The long
standing experience that under an asymptotic point of view these models are statistically
of the same kind has found its proper mathematical justification in 1996, when Brown and
Low (1996) and Nussbaum (1996) proved the asymptotic equivalence of these models in
the sense of Le Cam’s theory of equivalent statistical experiments. In essence this means
that any decision function developed for one model can be carried over, at least in an
abstract way, to a decision function in the other models with exactly the same asymptotic
risk properties. This is an important conceptual gain compared to the situation before
where asymptotic results had to be proved each time separately.

In parametric statistics Le Cam’s theory has been successfully applied to a huge variety
of experiments because in this case it usually reduces to the property of local asymptotic
normality (LAN) and its modifications (Le Cam and Yang 2000). The asymptotic equiva-
lence for nonparametric experiments is conceptually more demanding and by now the class
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of models that are provably asymptotically equivalent to the three core models of signal
detection, regression and density estimation is still limited. Grama and Nussbaum (1998)
have proved asymptotic equivalence for generalised linear models, which has recently been
extended to a wider nonparametric class in Grama and Nussbaum (2002), Jähnisch and
Nussbaum (2003). Brown, Cai, Low, and Zhang (2002) consider specifically nonparametric
regression with random design and provide a constructive asymptotic equivalence result.
Certain asymptotic equivalence results have already been obtained for diffusion models.
For asymptotically vanishing diffusion coefficients an equivalence result has been proved
for diffusions observed on a suitable random time interval by Genon-Catalot, Laredo, and
Nussbaum (2002), while Milstein and Nussbaum (1998) obtain asymptotic equivalence for
such a diffusion model and its Euler discretisation. More closely related to our work is
the study of a null-recurrent diffusion model with long-time asymptotics by Delattre and
Hoffmann (2002). The authors prove asymptotic equivalence to Gaussian models, which
have the same structure as ours with the exception of an additional mixing random vari-
able, that can be explained in analogy with the parametric LAMN-property. To overcome
technical difficulties for proving analogous results for further nonparametric models, the
concept of asymptotic equivalence is sometimes reduced to its weak form, see Drees (2001)
for an application to lower bounds in extreme value theory.

One class of standard models in mathematical statistics is certainly given by nonlinear
autoregressive processes of the form

Xt+1 = f(Xt) + εt+1, t = 0, . . . , T, ( (εt)t∈N ∼ N(0, 1) i.i.d.) (1.1)

and the corresponding continuous time diffusion models

dXt = b(Xt) dt + dWt, t ∈ [0, T ], (W Brownian motion) (1.2)

with unknown drift functions f and b, respectively. Under ergodicity assumptions and for
large T it is well known that the methodology developed for nonparametric regression can
be used for inference on the drift function, for an overview see Taniguchi and Kakizawa
(2000) for autoregressive processes and Kutoyants (2003), Fan (2004) for diffusions. In
this paper we corroborate the folklore that ’autoregression is just regression’ by showing
strong asymptotic equivalence of the scalar diffusion model (1.2) with a signal detection
or Gaussian shift model, which can be interpreted as a regression model with random
design. Our result is established for the scalar diffusion model because we need to employ
tools from stochastic analysis that are neither available for time series analysis nor for
multidimensional diffusion processes. After submission we learned about the results by
Grama and Neumann (2004) who establish directly asymptotic equivalence between the
autoregression (1.1) and a classical regression model by means of a suitable Skorohod
embedding.

Let us briefly introduce some basic notation such that we can announce the main results.
For some fixed constants C, A, γ > 0 we consider the nonparametric drift class

Σ :=
{

b ∈ Liploc(R)
∣∣∣ |b(x)| ≤ C(1 + |x|), ∀|x| > A : b(x) sgn(x) ≤ −γ

}
, (1.3)
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where Liploc(R) denotes the set of locally Lipschitz continuous functions b : R → R
and sgn(x) := x/|x|. A standard result in the theory of stochastic differential equations
asserts that for b ∈ Σ and a Brownian motion W on some filtered probability space(
Ω,A, (At)t≥0,P

)
there exists to a given initial value a unique strong solution (X(t), [0, T ])

of equation (1.2), e.g. Karatzas and Shreve (1991). Moreover, the existence of a stationary
solution, unique in law, is ensured with invariant marginal density

µb(x) = Cb exp
(
2

∫ x

0

b(y) dy
)
, x ∈ R, (1.4)

where Cb > 0 is a normalising constant. Considering in a first step drift functions b in a
shrinking neighbourhood around b0 ∈ Σ, we obtain the local asymptotic equivalence result
for T → ∞ of the stationary diffusion experiment given by (1.2) with the accompanying
Gaussian shift experiment

dZx = b(x)
√

µb0(x) dx + T−1/2dBx, x ∈ R, (1.5)

where B denotes a Brownian motion on the real line and µb0 is the invariant density from
(1.4). The analogous regression experiment to (1.5) consists of observing the function b on
a design with density µb0 , which can be considered random or deterministic in the sense
that it determines the distance between two design points. The main idea of the proof
is to define a coupling of the original diffusion experiment with another diffusion-type
experiment corresponding to a deterministic design. The implementation of this idea is
heavily based on the local time of the diffusion process.

The local asymptotic equivalence result has already several implications for the statistical
theory of diffusion processes. In particular, it can be used to obtain asymptotically sharp
lower risk bounds. For instance, the lower bound of Theorem 1 in Dalalyan and Kutoyants
(2002) follows immediately. In order to transfer also global results like upper risk bounds
to the diffusion case, an equivalence result should be obtained for all parameters b ∈ Σ. We
have to impose on the drift functions some minimal regularity larger than 1/2 to obtain
such a global result, cf. Brown and Zhang (1998). Furthermore, since the variance of the
local time does not decay sufficiently rapidly, the general global equivalence result can only
be established for drift functions that behave nicely far away from the origin. To avoid
too much technicalities we therefore consider a global class Σ0 ⊂ Σ of drift functions of
regularity larger than 1/2 that coincide with some (known) function b0 ∈ Σ outside a
compact interval I.

In absence of a variance stabilising transform the globally equivalent experiments will be
of compound type. The first accompanying sequence is given by the observations

dXt = b(Xt) dt + dWt, t ∈ [0, S], (1.6)

dZx = b(x)
√

µ̄S(x) dx + (T − S)−1/2 dBx, x ∈ I, (1.7)

where W and B are independent Brownian motions, µ̄S is a suitable estimator of µb

based on the observation (X(t), t ∈ [0, S]) and S = S(T ) ∈ (0, T ) satisfies limT→∞(T −
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S(T ))/S(T )p = 0 for all p > 1. The second accompanying sequence is given solely in terms
of Gaussian experiments:

Ux =
√

µb(x) + T−1/4(B̃x + ξ), x ∈ I, (1.8)

dZx = b(x)Ux dx + T−1/2dBx, x ∈ I, (1.9)

where the Brownian motions B and B̃ and the random variable ξ ∼ N(0, 1) are indepen-
dent.

The local and global equivalence results are derived in Section 2 and 3, respectively. In
order to retain a clear presentation, a uniform variance bound on the local time and the
construction of global estimators have been deferred to the Appendix. In Section 4 we
discuss extensions of the theory developed so far. We start with the presentation of a
constructive procedure for transferring a decision function from the Gaussian experiment
to the diffusion experiment. In particular, it is seen that the restriction on the parameter
space outside of a compact interval is not necessary for risk asymptotics with loss functions
that act only on this interval. Then we discuss an even simpler Gaussian shift experiment
which is globally less informative than the diffusion model (1.2) such that risk upper
bounds obtained for this simple model immediately transfer to the diffusion case. Finally,
we consider the diffusion model with a general, but known diffusion coefficient σ, for which
similar results are obtained, and we treat the case of discrete observations of the sample
path in the diffusion model and the corresponding Euler discretisation. In order to convey
concisely the main ideas and to save space, the results in this section are stated in a more
informal way.

2. Local equivalence

2.1. The general idea. We shall show that for drift functions b in a shrinking neighbour-
hood of the drift function b0 the statistical experiment induced by observing the diffusion
process (1.2) is for T →∞ asymptotically equivalent to the statistical experiment induced
by the observation

dZx = b(x)
√

µ0(x) dx + T−1/2 dBx, x ∈ R, (2.1)

where µ0 is close to the density of the invariant measure of the diffusion process in (1.2)
uniformly over the neighbourhood and B denotes a Brownian motion on the real axis.

The main idea of the proof is to perturb the diffusion model (1.2) in such a way that
in each state x ∈ R the local time, that is the amount of time spent by the process in
x until time T , is at least Tµ0(x) and to provide no information on b(x) after the local
time has attained the level Tµ0(x). At those states x, where the local time does not reach
the level Tµ0(x), additional information on b(x) is revealed. The model thus obtained can
be considered as a regression model for b with fixed deterministic design of density Tµ0.
It is Gaussian and has the same likelihood process as the model in (2.1), which implies
statistical equivalence of the associated statistical experiments.
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The intuitive explanation why this approach succeeds is that the diffusion model, like an
autoregressive time series model, exhibits two sources of randomness. Firstly, the design,
that is how often the states are visited by the process, is random. Secondly, the drift
b can merely be observed after contamination by white noise dW . As it turns out, the
first source of randomness is less severe than the second and we do not lose too much
information by assuming that each state x is visited up to time T with a density according
to the approximate expectation Tµ0(x) of the local time. However, it is evident that this
procedure can only work for neighbourhoods around b0 that shrink with increasing T such
that the true expectation Tµb converges to Tµ0 in a suitable manner.

2.2. Local experiments.

2.1. Definition. For a drift b0 ∈ Σ and any density µ0 ∈ L1(R) we introduce their local
neighbourhood with parameters ε, ζ, η > 0

Σε,η,ζ(b0, µ0) :=
{

b ∈ Σ
∣∣∣
(∫

(b− b0)
2(y)

√
µb(y) dy

)1/2

≤ ε,

(∫
(b− b0)

2(y)|µb(y)− µ0(y)| dy
)1/2

≤ η,

∫
|µb(y)− µ0(y)| dy ≤ ζ

}
.

Here µb denotes the invariant density of the diffusion process with drift b.

2.2. Remark. It is natural to consider neighbourhoods around (b0, µb0), but it is by no
means necessary for the calculations to enforce µ0 = µb0. For the globalisation the more
general approach has the advantage of permitting the usage of separate estimators for the
functions b and µb.

We now define precisely the local experiments E1 and F1, for which we shall prove asymp-

totic equivalence. Note that we define the Gaussian shift experiment on the space RL2(R)

and not on C(R) via the natural interpretation of the differentials as integrators for L2(R)-
functions. Of course, the law is already characterised by the integration of the functions
1l[0,y], y ∈ R, which corresponds to the signal in white noise interpretation on the space
C(R) up to the knowledge of the value at zero.

2.3. Definition. We define the diffusion experiment localised around (b0, µ0)

E1 := E1(b0, µ0, T, ε, η, ζ) := (C([0, T ]),BC([0,T ]), (P
T
b )b∈Σε,η,ζ(b0,µ0)),

where PT
b denotes the law of the stationary diffusion process with drift b on the canonical

space C([0, T ]).

The Gaussian shift experiment localised around (b0, µ0) is given by

F1 := F1(b0, µ0, T, ε, η, ζ) := (RL2(R),B⊗L2(R)
R , (QT

b )b∈Σε,η,ζ(b0,µ0)),
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where QT
b denotes the law of the Gaussian shift experiment

dZx = b(x)
√

µ0(x) dx + T−1/2 dBx, x ∈ R,
(
i.e.,

(∫
f(x)b(x)

√
µ0(x) dx + T−1/2

∫
f(x) dBx, f ∈ L2(R)

))

with a Brownian motion B on the real line.

In order to pursue our procedure of changing the design appropriately, we need to introduce
the so-called local time of a diffusion process X. We refer to Revuz and Yor (1999), Chapter
VI for the details. We are going to use that the local time Ly

t (X) of the diffusion process
X at the point y ∈ R up to time t ≥ 0 can be constructed such that (Ly

t , y ∈ R, t ≥ 0) is
a process which is continuous in t and càdlàg in y (Revuz and Yor 1999, Theorem VI.1.7).
Henceforth we shall work with this process, which satisfies

Ly
t (X) = lim

ε↓0
1

ε

∫ t

0

1l[y,y+ε)(Xs) ds, Pb-a.s.

By assuming the usual conditions of the filtration (At)t≥0, we can suppose that Ly
t (X) is

At-measurable for (At)t≥0-adapted processes X. The main property we need is the following
extended occupation time formula (Revuz and Yor 1999, Ex. VI.1.15):

∫ T

0

f(t,Xt, ω) dt =

∫ (∫ T

0

f(t, y, ω) dtL
y
t (X)

)
dy, Pb-a.s. (2.2)

where f : R+ × R× Ω → R+ is any measurable function and dtL
y
t (X) denotes integration

with respect to the increasing integrator t 7→ Ly
t (X).

We can now introduce the local experiment F2 for which we shall show asymptotic equiva-
lence with E1. We briefly recall the conditions guaranteeing the existence of a weak solution
of a stochastic differential equation with a functional form of the drift.

2.4. Proposition. Consider the stochastic differential equation

dXt = b(X, t) dt + dWt, t ∈ [0, T ],

with a progressively measurable functional b : C(R+)×R+ → R. Then a weak solution with
some prescribed initial distribution µ exists if |b(f, t)| ≤ K(1+ ‖f‖∞) holds with a suitable
constant K > 0 for all f ∈ C(R+) and t ∈ [0, T ]. The law of the solution is obtained by a
change of the Wiener measure on (C([0, T ]),BC([0,T ])) with initial distribution µ using the
Girsanov density

ZT (X) = exp
(∫ T

0

b(X, s) dXs − 1

2

∫ T

0

b(X, s)2 ds
)
.

Proof. This is the generalisation of Proposition 5.3.6 given in Remark 5.3.8 of Karatzas
and Shreve (1991). ¤
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2.5. Remark. Under suitable ergodicity assumptions, the linear growth condition on the
drift can certainly be dropped and a corresponding uniqueness result will probably hold, but
we do not want to deviate further into that direction. We just assume linear growth in the
definition of Σ and work with the solution defined in terms of the Girsanov density.

2.6. Definition. We define the local experiment F2 by

F2 := F2(b0, µ0, T, ε, η, ζ) :=
(
C([0, T ])× RL2(R),BC([0,T ]) ⊗ B⊗L2(R)

R , (Q̃T
b )b∈Σε,η,ζ(b0,µ0)

)
,

where Q̃T
b is uniquely defined by

Q̃T
b (A×B) :=

∫

A

KT
b (f,B)RT

b (df), A ∈ BC([0,T ]), B ∈ B⊗L2(R)
R .

Here, RT
b denotes the law of the weak solution Y of the stochastic differential equation

dYt =
(
b(Yt)1l{LYt

t (Y )≤Tµ0(Yt)} + b0(Yt)1l{LYt
t (Y )>Tµ0(Yt)}

)
dt + dWt, t ∈ [0, T ],

on the canonical space C([0, T ]) with initial distribution Y0 ∼ µ0, given by Proposition 2.4.
The probability KT

b (f, •) is the law of the Gaussian shift experiment

dV f
x = b(x)(Tµ0(x)− Lx

T (f))
1/2
+ dx + dBx, x ∈ R,

where B denotes a two-sided Brownian motion on R independent of W and Y0 and (A)+ :=
max(A, 0).

2.7. Remark. In the preceding definition we have to choose a measurable version of the
mapping (f, x) 7→ Lx

T (f) on a set of functions f with RT
b -probability one in order to have

the Markov kernel property of KT
b . This is certainly possible since by the equivalence of RT

b

with the Wiener measure this property is satisfied when using a càdlàg-version in x of the
Brownian motion local time Lx

T (W ) as discussed earlier.

Finally, we need to introduce yet another experiment which is constructed so as to be

equivalent to E1, but to be defined on the same space C([0, T ])× RL2(R) as F2.

2.8. Definition. We define the local experiment E2 by

E2 := E2(b0, µ0, T, ε, η, ζ) :=
(
C([0, T ])× RL2(R),BC([0,T ]) ⊗ B⊗L2(R)

R , (P̃T
b )b∈Σε,η,ζ(b0,µ0)

)
,

where P̃T
b is uniquely defined by (with the same notation as for F2)

P̃T
b (A×B) :=

∫

A

KT
b0

(f,B)PT
b (df), A ∈ BC([0,T ]), B ∈ B⊗L2(R)

R .

2.3. Likelihood ratio and equivalent experiments. In the sequel we shall often use
the likelihood ratio or Radon-Nikodym derivative for the laws of diffusion-type processes
on the space C([0, T ]). The next theorem is an adaptation of Theorem 7.7 in Liptser and
Shiryaev (2001) to our purposes, see also Theorem IV.4.23 in Jacod and Shiryaev (2003).
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2.9. Theorem. Suppose (X
(1)
t , t ∈ [0, T ]) and (X

(2)
t , t ∈ [0, T ]) are scalar diffusion-type

processes that satisfy

dX
(i)
t = α(i)(X(i), t) dt + dWt, t ∈ [0, T ], X

(i)
0 = ξ(i), i = 1, 2,

with progressively measurable functionals α(i) : C([0, T ]) × R+ → R and with a standard
Wiener process W . Then these processes have mutually absolutely continuous distributions
PX(i) on the canonical space (C([0, T ]),BC([0,T ])) if for i = 1, 2

P
(∫ T

0

(α
(i)
t (X(i))2 dt < ∞

)
= 1 and P

(∫ T

0

(α
(1)
t − α

(2)
t )2(X(i)) dt < ∞

)
= 1,

and if ξ(1) and ξ(2) are independent of W and have mutually absolutely continuous distri-

butions on R. In this case the likelihood ratio ΛT (X(1), X(2))(X) =
dP

X(1)

dP
X(2)

(X) is

dPξ(1)

dPξ(2)

(X0) exp
(∫ T

0

(α
(1)
t − α

(2)
t )(X) dXt − 1

2

∫ T

0

(
α

(1)
t (X)2 − α

(2)
t (X)2

)
dt

)
,

which under PX(2) is in law equal to

dPξ(1)

dPξ(2)

(ξ(2)) exp
(∫ T

0

(α
(1)
t − α

(2)
t )(X(2)) dWt − 1

2

∫ T

0

(α
(1)
t − α

(2)
t )2(X(2)) dt

)
.

2.10. Remark. This representation of the likelihood gives another indication why our lim-
iting experiment F1 is natural for the diffusion experiment E1: the Fisher information at
b0 in functional directions h and h′ is for T →∞ of order

Ih,h′(b0) = Eb0

[∫ T

0

h(Xt)h
′(Xt) dt

]
+ o(T ) = T

∫
h(x)h′(x)µ0(x) dx + o(T ).

Here and also later we employ the classical Landau symbols o(•) and O(•).

From the definition of the Kullback-Leibler divergence (or relative entropy, denoted by
KL) the following result is immediate, compare also with the expression for the Hellinger
distance (Jacod and Shiryaev 2003, Theorem IV.4.23).

2.11. Corollary. Under the conditions of Theorem 2.9 the Kullback-Leibler divergence
between the laws of X(1) and X(2) is given by

KL(PX(1) ,PX(2)) = −E
[
log

(dPξ(1)

dPξ(2)

(ξ(2))
)]

+
1

2
E

[∫ T

0

(α
(1)
t − α

(2)
t )2(X(2)) dt

]
.

With these tools at hand we obtain the first equivalence results. We only need to know
that two general dominated experiments G1 = (Ω,A, (Pϑ)ϑ∈Θ) and G2 = (Ω′,A′, (Qϑ)ϑ∈Θ)
are statistically equivalent iff the laws of the likelihood processes under the dominating
measures P0 and Q0 coincide (Strasser 1985, Cor. 25.9):

L
((dPσ

dP0

)
σ∈Θ

∣∣∣P0

)
= L

((dQσ

dQ0

)
σ∈Θ

∣∣∣Q0

)
.
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2.12. Proposition. The statistical experiments E1 and E2 are equivalent.

Proof. By Theorem 2.9 the measures PT
b and PT

b0
are equivalent for all b, b0 ∈ Σ such that

the likelihood process for E1 is well defined. Moreover, in experiment E2 we use the kernel
KT

b0
which is independent of b such that the Radon-Nikodym derivative

dP̃T
b

dP̃T
b0

(X,V ) =
KT

b0
(X, dV )Pb(dX)

KT
b0

(X, dV )Pb0(dX)
=

dPT
b

dPT
b0

(X)

depends only on the first coordinate. Consequently, the likelihood processes coincide. ¤
2.13. Proposition. The statistical experiments F1 and F2 are equivalent.

Proof. Let us determine the likelihood process for F2 under the dominating measure Q̃T
b0

.
We first note that

log
( dQ̃T

b

dQ̃T
b0

(Y, V )
)

= log
( KT

b (Y, dV )RT
b (dY )

KT
b0

(Y, dV )RT
b0

(dY )

)
= log

(dKT
b (Y, •)

dKb0(Y, •)
(V )

)
+ log

( dRT
b

dRT
b0

(Y )
)

holds. Both log-likelihood functions consist of a stochastic integral with respect to a Brow-
nian motion and its quadratic variation term under the dominating measure Q̃T

b0
. Let us

calculate up to sets of probability zero the quadratic variation term in the log-likelihood

log(
dRT

b

dRT
b0

) given in Theorem 2.9 using the occupation time formula (2.2):

∫ T

0

(
b(Yt)1l{LYt

t (Y )≤Tµ0(Yt)} + b0(Yt)1l{LYt
t (Y )>Tµ0(Yt)} − b0(Yt)

)2

dt

=

∫ T

0

(b− b0)
2(Yt)1l{LYt

t (Y )≤Tµ0(Yt)} dt

=

∫ ∫ T

0

(b− b0)
2(y)1l{Ly

t (Y )≤Tµ0(y)} dtL
y
t (Y ) dy

=

∫
(b− b0)

2(y) min(Tµ0(y), Ly
T (Y )) dy.

Similarly, the quadratic variation term in log(
dKT

b (Y,•)
dKT

b0
(Y,•)) is given by

∫
(b− b0)

2(x)(Tµ0(x)− Lx
T (Y ))+ dx.

Putting the two identities together, we have proved that the quadratic variation term in

log(
dQ̃T

b

dQ̃T
b0

) equals
∫

(b− b0)
2(y)Tµ0(y) dy and is thus deterministic.

The preceding calculations remain valid when b is replaced by b0 + λ(b − b0) for any

λ ∈ R. Hence using Eb0 [
dQ̃b

dQ̃b0

] = 1, we conclude that, under Q̃b0 , the Laplace transform
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Eb0 [exp(λM(b− b0))] of the stochastic integral term

M(h) :=

∫ T

0

h(Yt)1l{LYt
t (Y )≤Tµ0(Yt)} dWt +

∫
h(x)(Tµ0(x)− Lx

T (Y ))
1/2
+ dBx, h ∈ L2(R),

equals exp
(

λ2

2

∫
(b−b0)

2(y)Tµ0(y) dy
)
. Therefore the random variable M(b−b0) is Gaussian

with variance T
∫

(b− b0)
2µ0. The covariation between two such stochastic integrals with b

replaced by b1 and b2, respectively, is by the occupation time formula again T
∫

(b1−b0)(b2−
b0)µ0. By the Cramér-Wold device it follows that the random process

(
M(b − b0), b ∈

Σε,η(b0)
)

under Q̃T
b0

is Gaussian with zero mean.

Since the likelihood process of the Gaussian shift experiment F1 under QT
b0

is given by

(
exp

(
T

∫
(b− b0)(x)

√
µ0(x) dBx − T 2

2

∫
(b− b0)

2(x)µ0(x) dx
)
, b ∈ Σε,η(b0)

)
,

the laws of the two likelihood processes coincide and the experiments are equivalent. ¤

2.14. Remark. The main idea in the preceding proof was to show that the likelihood ratios
associated to the experiments E2 and F2 (as random processes indexed by b) have the same
law. At the first look it seems that the experiment generated by the Itô process

dYt =
(
b(Yt)1l{t≤τb(Y )} + b0(Yt)1l{t>τb(Y )}

)
dt + dWt, t ∈ [0, T ],

dYt =

(
T

∫
(b− b0)

2(y)µ0(y)dy −
∫ T

0

(b− b0)
2(Yt)dt

)1/2

+

dt + dWt, t ∈ (T, T + 1),

τb(Y ) = inf
{

t ≤ T :

∫ t

0

(b− b0)
2(Ys) ds > T

∫
(b− b0)

2(y)µ0(y) dy
}

,

Y0 = ξ0,

satisfies the same property and therefore can be used instead of F2. Unfortunately, this as-
sertion is false: for a fixed value of b the log-likelihood of the process Y is a Gaussian random
variable, but the same log-likelihood as a process indexed by b is not jointly Gaussian.

2.15. Remark. For future reference we list further experiments that are equivalent to F1

and F2 for parameters b ∈ Σε,η(b0):

dYx = b(x) dx + T−1/2µ0(x)−1/2 dBx, x ∈ R,

dYx = (b(x)− b0(x))
√

µ0(x) dx + T−1/2 dBx, x ∈ R,

dYx = b(F−1
µ0

(x)) dx + T−1/2 dBx, x ∈ (0, 1),

where Fµ(x) =
∫ x

−∞ µ(y) dy and dB is Gaussian white noise. For the proof it suffices to
check that the laws of the likelihood processes coincide.
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2.4. Asymptotic equivalence. By Corollary 59.6 in Strasser (1985) the Le Cam dis-
tance ∆ between experiments defined on the same measurable space can be estimated by
a uniform bound on the total variation distance between the corresponding probability
measures. An application of this coupling technique allows to prove the main theorem on
local asymptotic equivalence.

2.16. Theorem. If for T → ∞ the asymptotics ε(T ) = o(T−1/4), η(T ) = o(T−1/2) and
ζ(T ) = o(1) hold, then the following convergence holds true uniformly over all b0 ∈ Σ:

lim
T→∞

∆
(
E1

(
b0, µ0, T, ε(T ), η(T ), ζ(T )

)
,F1

(
b0, µ0, T, ε(T ), η(T ), ζ(T )

))
= 0.

Proof. By Propositions 2.12 and 2.13 it suffices to prove the asymptotic equivalence for
the experiments E2 and F2. Their families of measures (P̃T

b ) and (Q̃T
b ) are defined on the

same measurable space
(
C([0, T ])×RL2(R),BC([0,T ]) ⊗B⊗L2(R)

R
)
. We infer (with short-hand

notation)

∆(E1,F1) = ∆(E2,F2) ≤ sup
b∈Σε,η,ζ(b0,µ0)

‖P̃T
b − Q̃T

b ‖TV ,

‖•‖TV denoting the total variation norm. Since the measures (P̃T
b ) and (Q̃T

b ) correspond
to diffusion-type processes with different initial distributions, we use the representations
(Kallenberg 2002, Theorem 18.10)

P̃T
b =

∫
P̃T

b,x µb(x) dx and Q̃T
b =

∫
Q̃T

b,x µb(x) dx

with the corresponding laws for deterministic initial values x ∈ R and infer by the triangle
inequality

‖P̃T
b − Q̃T

b ‖TV ≤ ‖µb − µ0‖L1(R) +

∫
‖P̃T

b,x − Q̃T
b,x‖TV µb(x) dx.

Because of ζ(T ) → 0 the first term tends to zero uniformly.

Since the square of the total variation is bounded by twice the Kullback-Leibler divergence
(Deuschel and Stroock 1989, Eq. (3.2.25)), it suffices for the second term to prove that∫

KL(Q̃T
b,x, P̃

T
b,x) µb(x) dx tends to zero uniformly. By Corollary 2.11 this expression equals

up to the factor 1/2

Eb

[∫ T

0

(b− b0)
2(Yt)1l{LYt

t (Y )>Tµ0(Yt)}dt +

∫
(b− b0)

2(y)(Tµ0(y)− Ly
T (Y ))+ dy

]

= Eb

[∫
(b− b0)

2(y)
(
(Ly

T (Y )− Tµ0(y))+ + (Tµ0(y)− Ly
T (Y ))+

)
dy

]

=

∫
(b− b0)

2(y)Eb

[|Ly
T (Y )− Tµ0(y)|] dy.
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Since we are in the stationary case, a bias-variance decomposition yields in combination
with Proposition 5.1 from Appendix

Eb[|Ly
T (Y )− Tµ0(y)|] ≤ T |µb(y)− µ0(y)|+ (CTµb(y))1/2.

Hence, we obtain the uniform convergence result over Σε(T ),η(T ),ζ(T )(b0, µ0)

Eb

[∫
(b0 − b)2(y)|Ly

T (Y )− Tµ0(y)| dy
]

≤
∫

(b0 − b)2(y)
(
T |µb(y)− µ0(y)|+

√
CTµb(y)

)
dy

≤ Tη2(T ) +
√

CT 1/2ε2(T ) −−−→
T→∞

0,

which proves the assertion. ¤
2.17. Corollary. The preceding asymptotic equivalence result holds in particular for the
local parameter subclass

Σ̃ε,T (b0, µ0) :=
{

b ∈ Σ
∣∣∣
(∫

(b− b0)
2(y)

√
µb(y) dy

)1/2

≤ ε, ‖µ1/2
b − µ0µ

−1/2
b ‖∞ ≤ T−1/2

}
,

when ε = ε(T ) = o(T−1/4) for T →∞.

Proof. Just note that for any b ∈ Σ̃ε,T (b0, µ0)∫
(b− b0)

2(y)|µb(y)−µ0(y)| dy ≤ ‖µ1/2
b −µ0µ

−1/2
b ‖∞

∫
(b− b0)

2(y)
√

µb(y) dy ≤ ε2(T )T−1/2

holds and equally
∫ |µb − µ0| ≤ T−1/2

∫
µ

1/2
b . T−1/2 follows uniformly over b by the

uniform exponential decay of µb. Therefore Σ̃ε(T ),T (b0, µ0) ⊂ Σε(T ),η(T ),ζ(T )(b0, µ0) follows

with η(T ) = ε(T )T−1/4 = o(T−1/2) and ζ(T ) = O(T−1/2) = o(1). ¤

For later use we also show asymptotic equivalence with another Gaussian experiment.

2.18. Proposition. The statistical experiment F1(b0, µ0, T, ε, η, ζ) is for η = o(T−1/2) and
arbitrary ε, ζ > 0 asymptotically equivalent to the experiment induced by observing

dYx = (b(x)− b0(x))
√

µb(x) dx + T−1/2dBx, x ∈ R,

where µb is the invariant density corresponding to b, dB is Gaussian white noise on L2(R)
and the parameters b belong to the the same neighbourhood Σε,η,ζ(b0, µ0).

Proof. Since the two concerned experiments are defined on the same space, the result
follows if we show that the Kullback-Leibler divergence between the likelihood ratios tends
to zero. This divergence is given by T

2

∫
(b(x) − b0(x))2(

√
µb(x) −

√
µ0(x))2 dx. Using the

general inequality (A − B)2 ≤ |A2 − B2| for A, B > 0, the condition on η yields the
result. ¤
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3. Globalisation

3.1. Main result. A common way of globalising a local equivalence result makes use of
the variance stabilising transformation (see Grama and Nussbaum (1998) for the exact def-
inition). In our case this amounts to seeking a functional T whose differential DT (b)[h] at
the point b = b0 is equal to

√
µb0 h. Indeed, for such a functional the Kullback-Leibler diver-

gence between the laws of the Gaussian random measures dZx =
(
b(x)−b0(x)

)√
µb0(x) dx+

T−1/2dBx, x ∈ R, and dZ̄x =
(T (b)(x)− T (b0)(x)

)
dx + T−1/2dBx, x ∈ R, is equal to

T

2

∫

R

(T (b)(x)− T (b0)(x)−DT (b0)[b− b0](x)
)2

dx

and, at a heuristic level, tends to zero if the functional T is sufficiently regular. This
yields the asymptotic equivalence of the two Gaussian shift experiments corresponding to
Z and Z̄. Furthermore, it permits to infer the asymptotic equivalence of the experiments
characterised by the observations dZx = b(x)

√
µb0(x) dx + T−1/2dBx, x ∈ R and dZx =

T (b)(x) dx + T−1/2dBx, x ∈ R, the latter being independent of b0.

Unfortunately, following Delattre and Hoffmann (2002) we can show that such a transfor-
mation does not exist. Indeed, let us consider the simple case when b is unknown only on
a compact interval I. Then the differential of the operator S : L2(I) → L2(I), S(b) =

√
µb

at the point h ∈ L2(I) is obviously given by

DS(b)[h] = lim
ε→0

√
µb+εh −√µb

ε
,

where the convergence is understood in the mean square sense. We find

DS(b)[h](x) =
√

µb(x)

∫

I

h(y)
[
Fb(y)− 1l{y≥x}

]
dy, x ∈ I,

where Fb is the distribution function corresponding to the invariant density µb. Therefore,
the equality DT (b)[h1] = h1

√
µb = h1S(b) would imply that T is twice continuously

differentiable and D
(
DT (b)[h1]

)
[h2] = D

(
DT (b)[h2]

)
[h1] for any h1, h2 ∈ L2(I). This last

equality can be rewritten in the form h1DS(b)[h2] = h2DS(b)[h1], h1, h2 ∈ L2(I), which is
evidently not true. This contradiction results essentially from the nonlocal character of the
mapping S. This indicates why the global asymptotic equivalence with a Gaussian shift
experiment of the form dZx = T (b)(x) dx + T−1/2dBx might be impossible to establish.

Nevertheless, we give below an equivalence result which is global and involves a mixed
Gaussian white noise experiment. The main idea is to replace in the Gaussian shift exper-
iment dZx =

(
b(x) − b0(x)

) √
µb(x)dx + T−1/2dBx the invariant density µb by a random

approximation, which is independent of B and has the advantage of being observable.

3.1. Definition. The parameter class Σ0 = Σ0(β, L, b0, I) consists of drift functions b ∈ Σ
satisfying

b(x) = b0(x), ∀ x 6∈ I; |b(x)− b(y)| ≤ L|x− y|β, ∀ x, y ∈ I,
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where I = [−D,D] ⊂ R is a compact interval, b0 is a fixed known function and β ∈ (0, 1).

3.2. Remark. Let us briefly explain why we restrict to the case when b(x) is known for
x ∈ R \ I. Since the variance under PT

b of the local time Lx
T −Lx

S is of order (T −S)µb(x),
condition (3.2) requires the existence of an estimator b̄S(T ) such that

lim
T→∞

∫

R
Eb

[(
b(x)− b̄S(T )(x)

)2
]√

(T − S(T ))µb(x) dx = 0 (3.1)

uniformly in b. Standard arguments yield that the mean squared error (MSE) of estimating
b(x) by a kernel method with bandwidth h is of order h2β + (S(T )hµb(x))−1. Therefore the
optimal choice of a bandwidth is h = (S(T )µb(x))−1/(2β+1). Even for this oracle choice of h
the MSE is of order (S(T )µb(x))−2β/(2β+1) and the integral (3.1) is not finite for β > 1/2.
Fundamentally, this obstruction is due to the relatively slow decay of the variance of local
time compared to its expectation: lim|y|→∞

√
Var[Ly

T (Y )]/E[Ly
T (Y )] = ∞.

This strong restriction can certainly be relaxed by an exponential estimate of the form
|b(x) − b0(x)| ≤ C1e

−C2|x|, x ∈ R, or circumvented by a model of reflected diffusions on
a compact interval. Even in the case of a regression model with known random design the
transformation of a degenerate or unbounded design distribution to a uniform distribution
would yield a similar condition on the nonparametric class in order to give asymptotic
equivalence (Brown, Cai, Low, and Zhang 2002, p. 690). Compare, however, the discussion
in Section 4.2.

Note that although the functions in Σ are locally Lipschitz continuous, the Hölder restric-
tion of order β is of different nature: it is uniform over x ∈ I and over b ∈ Σ0.

3.3. Definition. For any ϕ > 0 we denote by Q̂T,ϕ
b the measure induced by the process

(Z, U) on the canonical space RL2(I) × C(I), where
{

dZx = b(x)Ux dx + T−1/2dBx, x ∈ I,

Ux =
√

µb(x) + ϕ(B̃x + ξ), x ∈ I.

with (B, B̃) being a two dimensional Brownian motion and ξ = ϕ−1U0 ∼ N (0, 1) a random

variable independent of (B, B̃). The accompanying experiment is then H(ϕ, T ) =
(
RL2(I)×

C(I),B⊗L2(I)
R ⊗ BC(I), {Q̂T,ϕ

b }b∈Σ0

)
.

3.4. Definition. The statistical experiment defined by observing a sample path of the sta-
tionary diffusion process (1.2), when the parameter set is Σ0, is denoted by E(T ).

We can now announce the main theorem of this section, whose proof is deferred to the end
of the section.

3.5. Theorem. Let b0 ∈ Σ and Σ0 be defined as above. If β > 1/2, then the statistical
experiments E(T ) and H(T−1/4, T ) are asymptotically equivalent as T →∞.
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3.6. Remark. The inspection of the proof of Theorem 3.5, combined with the fact that the
total variation is bounded by twice the square root of the Kullback-Leibler divergence, shows
that the ∆-distance between the experiments E(T ) and H(ϕ, T ) tends to zero at the rate

T
1
4
− β

2β+1 + ϕT
1

4β+2 + ϕ−1T− β
2β+1 . Therefore the rate-optimal choice of ϕ is ϕ(T ) = T−1/4

and we have ∆(E(T ),H(T−1/4, T )) ≤ CT (1/2−β)/(4β+2).

3.2. Definition of experiments. We introduce some probability measures that will be
repeatedly used in this section. Some have already been defined in the previous section,
but for the present purposes we need to specify their dependence not only on b, but also
on other parameters. In this section, the substitution of the subscript b of any probability
measure by 0 indicates that we consider that measure for b identically equal to zero, e.g.

Q̂T,ϕ
0 = Q̂T,ϕ

b

∣∣
b≡0

, but the meaning of µ0 has not changed.

Let QT
b,µ0

denote the law of the Gaussian shift dZx = b(x)
√

µ0(x) dx + T−1/2 dBx on the

canonical space RL2(R). The log-likelihood of this family of measures is defined by

lQT (b, µ0, Z) = log

(
dQT

b,µ0

dQT
0,µ0

(Z)

)
=
√

T

∫

R
b(x)

√
µ0(x) dZx − T

2

∫

R
b2(x)µ0(x) dx.

Let Q̃T
b,b0,y0,µ0

denote the law of the process (Y, V ) given by Definition 2.6 with initial
condition Y0 = y0. The log-likelihood of this family of measures is

l̃QT (b, µ0, Y, V ) = log

(
dQ̃T

b,b0,y0,µ0

dQ̃T
0,b0,y0,µ0

(Y, V )

)

=

∫ T

0

b(Yt)1l{LYt
t (Y )≤Tµ0(Yt)}dYt +

∫

R
b(x)

(
Tµ0(x)− Lx

T (Y )
)1/2

+
dVx − T

2

∫

R
b2(x) µ0(x) dx.

It is noteworthy that this log-likelihood does not depend on y0 and b0.

Recall that PT
b,x and P̃T

b,x are defined as in Definitions 2.3 and 2.8, except that the ini-

tial condition is X0 = x. The log-likelihoods of the families of measures (PT
b,x0

)b∈Σ0 and

(P̃T
b,x0

)b∈Σ0 will be denoted by lPT (b, X) and l̃PT (b,X), respectively. Note that although P̃b,x0

is a measure on the product space C([0, T ]) × RL2(R), the log-likelihood l̃PT (b,X) depends
only on the first component.

3.7. Definition. Let Ẽ =
(
C([0, T ])× RL2(R),BC([0,T ]) ⊗ BL2(R)

R ,
(
P̃T

b

)
b∈Σ0

)
.

Let us fix S in the interval (0, T ) and define the compound experiment G = G(S, T, Σ0)
as follows: we observe a sample path of the stationary diffusion process X with drift
b up to time S, we compute an estimator µ̄S(•) = µ̄S(X, •) ∈ C(R) of the invariant
density µb, and then we observe a realisation of the conditionally Gaussian process dZx =
b(x)

√
µ̄S(x) dx+(T−S)−1/2dBx, x ∈ R. In order to avoid subtle questions of measurability,

we assume that µ̄S takes its values in a countable set M = {µ1, µ2, . . .} ⊂ C(R).
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3.8. Definition. The experiment G is defined rigorously as

G(S, T ) :=
(
C([0, S])× RL2(I),BC([0,S]) ⊗ B⊗L2(I)

R , (RS,T
b )b∈Σ0

)
,

where RS,T
b is the measure characterised by

RS,T
b (A×B) =

∞∑
i=1

QT−S
b,µi

(B)PS
b (A ∩ {µ̄S = µi}), A ∈ BC([0,S]), B ∈ B⊗L2(I)

R .

3.3. Asymptotic results. Our program in this section is as follows. We split the diffu-
sion path observed up to time T into two parts: a path observed over [0, S] and another
over [S, T ]. We prove that by replacing the second path by a conditionally (to the first
path) Gaussian observation we obtain an asymptotically equivalent experiment. Then we
substitute this conditionally Gaussian experiment by another one, not involving anymore
the observed path over [0, S]. In the last step we apply this method in the converse direc-
tion, that is, making use of estimators based on the Gaussian observations, we replace the
diffusion experiment over [0, S] by a conditionally Gaussian one.

One method of carrying out this program consists in reducing the global equivalence prob-
lem to a local one via Lemma 9.3 of Nussbaum (1996), or its extension in Lemma 1 of
Delattre and Hoffmann (2002). However, this requires a local asymptotic equivalence re-
sult between the diffusion starting at a fixed point x and a Gaussian shift, uniformly in x.
Achieving the result by this technique seems to be more technical than what we do below.

3.9. Proposition. Let S = S(T ) ∈ (0, T ) be such that for some estimator b̄S of b based on
the observations (Xt, t ∈ [0, S]) and taking values in a countable set B = {b1, b2, . . .} the
following condition is satisfied:

lim
T→∞

sup
b∈Σ0

Eb

[∫

R
(b(x)− b̄S(T )(x))2|Lx

T (X)−Lx
S(T )(X)− µ̄S(T )(x)(T −S(T ))| dx

]
= 0. (3.2)

Then the experiments E(T ) and G(S(T ), T ) are asymptotically equivalent as T tends to
infinity.

Proof. We introduce an auxiliary compound experiment G̃. It is generated by the obser-
vation of a sample path of a stationary diffusion with drift b up to time S = S(T ) and an
Itô process similar to the one of Definition 2.6, except that µ0 and b0 are replaced by the
estimators µ̄S and b̄S respectively. More precisely, the statistical experiment G̃ = G̃(T ) is

defined on the space
(
C([0, T ]) × RL2(R),BC([0,T ]) ⊗ B⊗L2(R)

R
)

by the family of probability
measures

R̃S,T
b (A×B) =

∞∑
i,j=1

∫

A∩{(µ̄S ,b̄S)=(µi,bj)}
Q̃T−S

b,bj ,f(S),µi
(B)PS

b (df),

for any A ∈ BC([0,S]), B ∈ BC([S,T ]) ⊗ B⊗L2(R)
R . The above integral is well defined since the

mapping y 7→ Q̃T−S
b,bj ,y,µi

(B) is measurable (in fact, it is continuous).
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It is easy to check (see the proof of Proposition 2.13 for similar calculations) that the

log-likelihood log
dRS,T

b

dRS,T
0

(X,Z) of the family of measures {RS,T
b }b∈Σ0 is given by

lRT,S(b, Z, X) = lQT−S(b, µ̄S(X, •), Z) + lPS (b,X), (X, Z) ∈ C([0, S])× RL2(R).

Likewise, the log-likelihood of the family of measures {R̃S,T
b }b∈Σ0 is given by

l̃RT,S(b, Y, V, X) = l̃QT−S(b, µ̄S(X, •), Y, V ) + lPS (b,X),

where (Y, V ) ∈ C([S, T ])×RL2(R) and X ∈ C([0, S]). We have proved in Proposition 2.13,

that L(
(lQT−S(b, µi, Z))b∈Σ0

∣∣QT−S
0,µi

)
= L(

(l̃QT−S(b, µi, Y, V ))b∈Σ0

∣∣Q̃T−S
0,bj ,y,µi

)
for any j ∈ N and

for any y ∈ R. This implies

L(
(lQT−S(b, µi, Z))b∈Σ0

∣∣QT−S
0,µ̄S(f)

)
= L(

(l̃QT−S(b, µi, Y, V ))b∈Σ0

∣∣Q̃T−S
0,b̄S(f),f(S),µ̄S(f)

)

for any f ∈ C([0, S]), and consequently

L(
(lRT,S(b, Z,X))b∈Σ0

∣∣RT,S
0

)
= L(

(l̃RT,S(b, Y, V,X))b∈Σ0

∣∣R̃T,S
0

)
.

We infer that the experiments G and G̃ are equivalent.

In order to show ∆(E,G) → 0, it suffices to prove ∆(Ẽ, G̃) → 0 because the experiments

E and Ẽ are also equivalent: their likelihood ratios coincide (see Proposition 2.12). The

experiments Ẽ and G̃ are defined on the same probability space and the Kullback-Leibler
divergence between the respective laws is (see Corollary 2.11)

1

2
Eb

[∫ T

S

(b(Xt)− b̄S(Xt))
21l{LXt

t (X)−L
Xt
S (X)>µ̄S(Xt)(T−S)} dt

+

∫

R

(
b(x)− b̄S(x)

)2(
µ̄S(x)(T − S)− (Lx

T (X)− Lx
S(X)

)
+
dx

]

=
1

2
Eb

[∫

R
(b(x)− b̄S(x))2|Lx

T (X)− Lx
S(X)− µ̄S(x)(T − S)| dx

]
.

By condition (3.2), this expression tends to zero uniformly in b ∈ Σ0 when T →∞. ¤

To pursue the globalisation, we replace the Gaussian shift experiment

dZx = b(x)
√

µ̄S(T )(x) dx + (T − S(T ))−1/2dBx (3.3)

by a simple experiment not involving the estimators b̄S(T ) and µ̄S(T ). Note also that since b
is known outside I, the observations (Zx, x 6∈ I) of the Gaussian shift experiment are void
(they do not contain any information on the unknown parameter b(x), x ∈ I).

3.10. Definition. The experiment G1 = G1(S, T ) is for S ∈ (0, T ) defined on C([0, S])×
RL2(I) × C(I) by the family of product measures R̂S,T

b (A × B) = PS
b (A) Q̂

T−S,ϕ(T )
b (B), for



18 ARNAK DALALYAN AND MARKUS REISS

any A ∈ BC([0,S]) and for any B ∈ B⊗L2(I)
R ⊗ BC(I). In other words, G1 is induced by

observing {
dZx = b(x) Ux dx + (T − S)−1/2dBx, x ∈ I,

Ux =
√

µb(x) + ϕ(T ) (B̃x + ξ), x ∈ I,
(3.4)

where B, B̃ are independent Brownian motions and ξ ∼ N(0, 1) is independent of (B, B̃).

3.11. Proposition. Assume that the estimators µ̄S are continuously differentiable on I
and satisfy the conditions of Proposition 3.9. Moreover, let for S(T ) ∈ (0, T ), ϕ(T ) > 0
the assumptions

lim
T→∞

ϕ(T )−2 sup
b∈Σ0

∫

I

Eb

[(
(
√

µb(x) )′ − (
√

µ̄S(T )(x))′
)2

]
dx = 0,

lim
T→∞

ϕ(T )−2 sup
b∈Σ0

Eb

[(√
µb(0)−

√
µ̄S(T )(0)

)2
]

= 0,

lim
T→∞

ϕ(T )2(T − S(T )) sup
b∈Σ0

∫

I

Eb

[(
b̄S(T )(x)− b(x)

)2
]
dx = 0

be satisfied. Then the statistical experiments G(S(T ), T ) and G1(S(T ), T ) are asymptoti-
cally equivalent as T tends to infinity.

Proof. In what follows we consecutively replace experiments by (asymptotically) equivalent
ones until we reach the experiment G1.

Recall that G is defined by observing a diffusion path up to time S and a realisation of the
Gaussian process Z given by (3.3). If we replace in G the observations Z by

dZx =
(
b(x)− b̄S(x)

)√
µ̄S(x) dx + (T − S)−1/2dBx, x ∈ I, (3.5)

we obtain an equivalent experiment, since it has exactly the same likelihood ratio. Then
we replace these observations by

dZx =
(
b(x)− b̄S(x)

)√
µb(x) dx + (T − S)−1/2dBx, x ∈ I, (3.6)

in view of the fact that the Kullback-Leibler divergence between the corresponding mea-
sures is up to some multiplicative constant equal to

(T − S)

∫

I

Eb

[(
b(x)− b̄S(x)

)2(√
µb(x)−

√
µ̄S(x)

)2
]
dx,

which tends to zero as T → ∞ uniformly in b ∈ Σ0, according to the assumption of
Proposition 3.9 and the inequality (

√
µb−√µ̄S)2 ≤ |µb−µ̄S|. It is evident that the statistical

experiment 



dZx =
(
b(x)− b̄S(x)

)√
µb(x) dx + (T − S)−1/2dBx, x ∈ I,

dUx = (
√

µ̄S(x))′dx + ϕdB̃x, x ∈ I,

U0 =
√

µ̄S(0) + ϕ ξ.

(3.7)
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with independent Brownian motion B̃ and ξ ∼ N (0, 1) is equivalent to (3.6), since the sam-
ple paths of the process U do not contain any information on b. The first two assumptions
of the proposition yield the equivalence of experiment (3.7) and





dZx =
(
b(x)− b̄S(x)

)√
µb(x) dx + (T − S)−1/2dBx, x ∈ I,

dUx = (
√

µb(x))′dx + ϕdB̃x, x ∈ I,

U0 =
√

µb(0) + ϕ ξ.

An equivalent form of this experiment is
{

dZx =
(
b(x)− b̄S(x)

)√
µb(x) dx + (T − S)−1/2dBx, x ∈ I,

Ux =
√

µb(x) + ϕ (B̃x + ξ), x ∈ I.
(3.8)

Computing the Kullback-Leibler divergence and using the third assumption of the propo-
sition, one can easily check that experiment (3.8) is asymptotically equivalent to the ex-
periment {

dZx =
(
b(x)− b̄S(x)

)
Ux dx + (T − S)−1/2dBx, x ∈ I,

Ux =
√

µb(x) + ϕ (B̃x + ξ), x ∈ I.
(3.9)

This completes the proof of the proposition, since the laws of likelihood processes of the
experiments (3.9) and (3.4) coincide. ¤

Having obtained the asymptotic equivalence between E and G1, we aim at replacing the
first part of the compound experiment G1, which is the ergodic diffusion, by a conditionally

Gaussian experiment. To do so, we assume that µ̂T,S(T ) and b̂T,S(T ) are estimators of µb and
b based on the observations (Zx, Ux, x ∈ I) and taking their values in countable subsets of

C(I). We denote by ÊT−S,ϕ
b the expectation with respect to the measure Q̂T−S,ϕ

b induced
by the processes in (3.4).

3.12. Proposition. Let ϕ = ϕ(T ) and S = S(T ) be such that the assumptions

lim
T→∞

sup
b∈Σ0

ÊT−S,ϕ
b

[∫

I

(
b(x)− b̂T,S(x)

)2(√
Sµb(x) + S|µb(x)− µ̂T,S(x)|) dx

]
= 0, (3.10)

lim
T→∞

sup
b∈Σ0

ÊT−S,ϕ
b

[∫

R

∣∣µb(x)− µ̂T,S(x)
∣∣ dx

]
= 0, (3.11)

lim
T→∞

sup
b∈Σ0

S ÊT−S,ϕ
b

[∫

I

(
b(x)− b̂T,S(x)

)2(√
µ̂T,S(x)− Ux

)2
dx

]
= 0, (3.12)

are fulfilled. Then the statistical experiments G1(S(T ), T ) and H(ϕ(T ), T ) are asymptoti-
cally equivalent as T tends to infinity.

Proof. Recall that the experiment G1 is characterised by the observations (X, Z(1), U),
where X is defined by (1.2) and (Z(1), U) are as in (3.4) with B replaced by B(1).
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Let G2 be the statistical experiment defined by the observations (Y, V, Z(1), U), where Z(1)

and U are as above, Y0 ∼ µ̂T,S and

{
dYt =

(
b(Yt)1l{LYt

t (Y )≤SbµT,S(Yt)} + b̂T,S(Yt)1l{LYt
t (Y )>SbµT,S(Yt)}

)
dt + dWt, t ∈ [0, S],

dVx = b(x)
(
Sµ̂T,S(x)− Lx

S(Y )
)1/2

+
dx + dB′

x, x ∈ I.

In these formulae, we assume that b̂T,S(x) is equal to b0(x) = b(x) for any x 6∈ I and the

Brownian motions W, B′ are mutually independent and independent of (B(1), B̃, ξ).

The total variation distance between the laws describing the experiments G1 and G2 is
controlled by (see the proof of Theorem 2.16)

ÊT−S,ϕ
b

[∫

R
(b(x)− b̂T,S(x))2Eb|Lx

S(X)− Sµ̂T,S(x)| dx
]

+ ÊT−S,ϕ
b ‖µ̂T,S − µb‖L1 .

¿From Proposition 5.1 we know Varb(L
x
S) ≤ CSµb(x). By the Cauchy-Schwarz inequality

Eb|Lx
S(X)− S(T )µb(x)| ≤ C

√
Sµb(x). So assumptions (3.10) and (3.11) yield the asymp-

totic equivalence of G1 and G2.

Repeating the same arguments as those used in Proposition 3.9 for establishing the equiv-
alence between G and G1, we can prove that the experiment G2 is equivalent to





dZ
(2)
x =

(
b(x)− b̂T,S(x)

) √
µ̂T,S(x) dx + S−1/2dB

(2)
x , x ∈ I,

dZ
(1)
x = b(x) Ux dx + (T − S)−1/2dB

(1)
x , x ∈ I,

Ux =
√

µb(x) + ϕ(T ) (B̃x + ξ), x ∈ I,

(3.13)

where B(2) is a Brownian motion independent of (B(1), B̃, ξ). Once again considering the
Kullback-Leibler divergence, one checks that the statistical experiment (3.13) is asymptot-
ically equivalent to





dZ
(2)
x =

(
b(x)− b̂T,S(x)

)
Ux dx + S−1/2dB

(2)
x , x ∈ I,

dZ
(1)
x = b(x) Ux dx + (T − S)−1/2dB

(1)
x , x ∈ I,

Ux =
√

µb(x) + ϕ(T ) (B̃x + ξ), x ∈ I,

provided that (3.12) is satisfied. This last experiment, in turn, is equivalent to




dZ
(2)
x = b(x) Ux dx + S−1/2dB

(2)
x , x ∈ I,

dZ
(1)
x = b(x) Ux dx + (T − S)−1/2dB

(1)
x , x ∈ I,

Ux =
√

µb(x) + ϕ(T ) (B̃x + ξ), x ∈ I,

(3.14)

since their likelihood functions coincide. The same argument yields the equivalence of

(3.14) and H(ϕ, T ) from Definition 3.3, with Bx =
(√

S B
(2)
x +

√
T − S B

(1)
x

)
/
√

T and

Zx =
(
S Z

(2)
x + (T − S) Z

(1)
x

)
/T . ¤
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3.4. Proof of Theorem 3.5. First, note that under the conditions imposed on b and b0, all
the stochastic differential equations introduced in previous sections have a weak solution.
To establish the result of the theorem, it suffices to check that for some S(T ) ∈ [0, T ] the
conditions of Propositions 3.9-3.12 are fulfilled with ϕ(T ) = T−1/4.

Set S(T ) = T/2. Since Eb(L
x
T − Lx

S(T )) = (T − S(T ))µb(x) and the variance of the

local time at x between time instants S(T ) and T is bounded by C(T − S(T ))µb(x),
the estimators b̄S(T ) and µ̄S(T ) proposed in the Appendix satisfy (3.2) as soon as

S(T )−2β/(2β+1)
(√

T − S(T ) + (T − S(T ))/
√

S(T )
)

tends to zero. This convergence holds
(for S(T ) = T/2) if and only if β > 1/2.

To verify the conditions of Proposition 3.11 we use the obvious relation (
√

µb(x))′ =

b(x)
√

µb(x) and the bounds (5.3)-(5.6). We infer that the desired conditions are fulfilled

if ϕ(T )−2T−2β/(2β+1) and T 1−2β/(2β+1)ϕ(T )2 tend to zero. This is obviously the case for
ϕ(T )2 = T−1/2 and β > 1/2. The verification of the conditions of Proposition 3.12 is
achieved similarly using Lemma 5.5.

4. Extensions and generalisations

4.1. Constructive local equivalence. The main interest of the statistical equivalence
is the following. If the models E = (Ω,A, (P ε

ϑ , ϑ ∈ Θ)) and E′ = (Ω′,A′, (Qε
ϑ, ϑ ∈ Θ)) are

asymptotically equivalent when ε → 0, then for any decision function δ in E there exists a
decision function δ′ in E′ such that, for any loss function Lϑ bounded by 1, the risk of δ′ is
bounded by the risk of δ plus a term tending to zero as ε → 0 uniformly on the parameter
class, that is ∫

Ω′
Lϑ(δ

′(w)) Qε
ϑ(dw) ≤

∫

Ω

Lϑ(δ(w)) P ε
ϑ(dw) + oε(1).

Our results so far are non-constructive, in particular they do not provide an explicit pro-
cedure for constructing a decision function for the diffusion experiment from a decision
function for the simpler Gaussian experiment. Nevertheless, such a procedure is hidden in
the proofs and we present it briefly.

Consider the local setting, that is b belongs to a neighbourhood of a known function b0.
Let X = (Xt, t ∈ [0, T ]) be a sample path of the diffusion dXt = b(Xt) dt + dWt and
B = (Bx, x ∈ R) be a Brownian motion independent of W . For any a ∈ R set

Φa(X, V ) :=
1

T

∫ T

0

1l{Xt∈[0,a], L
Xt
t (X)≤Tµ0(Xt)}µ0(Xt)

−1/2(dXt − b0(Xt) dt)

+
1√
T

∫ a

0

(
1− Lx

T (X)

Tµ0(x)

)1/2

+

dVx, (4.1)
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with dVx = (b− b0)(x)
(
Tµ0(x)− Lx

T (X)
)1/2

+
dx + dBx. By (2.2) we obtain

Φa(X, V ) =

∫ a

0

(b− b0)(x)µ0(x)1/2 dx +
1√
T

B̃a,

where

B̃a =

∫ T

0

1l{Xt∈[0,a], L
Xt
t ≤Tµ0(Xt)}µ0(Xt)

−1/2 dWt +

∫ a

0

(
1− Lx

T (X)

Tµ0(x)

)1/2

+

dBx.

Using the Lévy characterisation, B̃ can be shown to be a Brownian motion. Thus Zx =
Φx(X, V ) is a realisation of the Gaussian process

dZx = (b− b0)(x)
√

µ0(x) dx + T−1/2dB̃x, x ∈ R. (4.2)

This means that Φ maps the model defined by (X, V ) to the model defined by (4.2). On the
other hand, we have proved that the total variation distance between the laws of (X, V )
and of (X, B) tends to zero. In conclusion, if δ(Z) is a decision function in the Gaussian
model (4.2), then δ′(X) = δ(Φ(X, B)) will be a (randomised) decision function in the
diffusion model with asymptotically the same risk as δ(Z). Moreover, if the loss function
under consideration is convex, then according to Jensen’s inequality the risk of the decision
function δ′′(X) = E[δ(Φ(X, B))|X] will be smaller than the risk of δ′(X).

Let us give a concrete example. If δ(Z) is the classical kernel estimator of b in the Gaussian
shift model (4.2)

δ(Z, •) = b0(•) +
1

h

∫

R
K

(
•− x

h

)
µ0(x)−1/2 dZx,

where K is a kernel function and h > 0 the bandwidth, then the corresponding estimators
in the diffusion experiment are given by

δ′(X, B, •) = b0(•) +
1

Th

∫ T

0

K
(•−Xt

h

)
1l{LXt

t ≤Tµ0(Xt)}µ0(Xt)
−1(dXt − b0(Xt) dt)

+
1

h

∫

R
K

(•− x

h

)(Tµ0(x)− Lx
T (X))1/2

Tµ0(x)
dBx,

δ′′(X, •) = b0(•) +
1

Th

∫ T

0

K
(•−Xt

h

)
1l{LXt

t ≤Tµ0(Xt)}µ0(Xt)
−1(dXt − b0(Xt) dt).

Hence, δ′′ is obtained by a subsampling of the standard kernel estimator under localisation

b̂(•) = b0(•) + 1
Th

∫ T

0
K

(•−Xt

h

)
µ0(Xt)

−1d(Xt − b0(Xt)dt).

4.2. Constructive global equivalence for losses on a compact interval. In Re-
mark 3.6, one can check that the constant C in the inequality ∆

(
E(T ),H(T−1/4, T )

) ≤
CT−α with α = (2β − 1)/(8β + 4) > 0 depends on b0 only via the parameters C, A, γ
entering in the definition of Σ. Therefore, we have supb0∈Σ ∆

(
E(T ),H(T−1/4, T )

) ≤ CT−α.
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Unfortunately, the equivalence mapping from E(T ) to H(T−1/4, T ) providing this inequal-
ity depends on bIc = (b(x), x ∈ R \ I), and therefore cannot be used in problems where
bIc is merely an unknown nuisance parameter.

Nevertheless, by slightly modifying the experiment H we get an equivalence result which
is uniform in b0 ∈ Σ and is attained by an equivalence mapping independent of bIc .

4.1. Theorem. Let H̃(ϕ, ψ, T ) be defined by the parameter space Σ0 and the observations
{

dZx = b(x)Ux dx + T−1/2dBx, x ∈ I,

Ux =
√

µb(x) + ϕB̃x + ψξ, x ∈ I,

with ϕ, ψ > 0 and B, B̃, ξ, β as in Definition 3.3. If ψ(T ) = T− (2β+2)
(6β+3) , then

sup
b0∈Σ

∆
(
E(T ), H̃(T−1/4, ψ(T ), T )

) ≤ CT−(2β−1)/(12β+6) (4.3)

and there exists an equivalence mapping from E(T ) to H̃(T−1/4, ψ(T ), T ) independent of
bIc and realising the bound in inequality (4.3).

Proof. To prove (4.3) we follow the methodology of Section 3.3 with the only difference
that ϕ is replaced by ψ in the second equality of Proposition 3.11.

As for the construction of the equivalence mapping, remark that the local equivalence
mapping Φ in (4.1) depends only on the values of b0 and µ0 on the interval I. The estimators

µ̄S and b̄S in the diffusion model and the estimator b̂T,S in the Gaussian model do not
depend on bIc , whereas the estimator µ̂T,S(x) in the Gaussian model does depend on bIc

even if x ∈ I, cf. Sections 5.2, 5.3. Thus, to obtain an equivalence mapping independent of
bIc , it suffices to modify the estimator µ̂T,S.

Because of µb(x) = µb(0) exp
(
2
∫ x

0
b(u) du

)
we redefine the estimator µ̂T,S(x) =

U2
0 exp

(
2
∫ x

0
b̂T,S(u) du

)
, where b̂T,S is the kernel estimator from Section 5.3. For any

p > 0 and x ∈ I the moment of order 2p of |µ̂T,S(x) − µb(x)| is bounded in order by
ψ(T )2p + (T − S)−p. Therefore, with our choice of ψ(T ), the conditions of the analogue of

Proposition 3.12 with H̃(ϕ(T ), ψ(T ), T ) instead of H(ϕ(T ), T ) are fulfilled. ¤

If bIc is known the estimator µ̂T,S presented in Section 5.3 converges more rapidly to µb than

the estimator U2
0 exp

(
2
∫ x

0
b̂T,S(u) du

)
. This explains the deterioration of the convergence

rate in (4.3) as compared with that given in Remark 3.6 and shows that there is a price to
pay for having a Markov kernel independent of bIc . Note also that ψ(T ) is chosen from a
trade-off between the second equality in Proposition 3.11 and (3.10) in order to obtain the
best possible rate in (4.3).

We briefly describe the equivalence mapping from the diffusion experiment (Xt, t ∈ [0, T ])
to the conditionally Gaussian experiment (Ux, Zx, x ∈ I) provided by Theorem 4.1. Let
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B(1), B(2) and B̃ be independent Brownian motions and ξ be a standard Gaussian random
variable independent of everything else.

Using the mapping Φ(XT , B, b0, µ0) in (4.1) and the estimators from Section 5.2 and de-
noting by XS,T the diffusion path (Xt, t ∈ [S, T ]), we set S = T/2 and

{
Ux =

√
µ̄S(x) + T−1/4B̃x + ψ(T )ξ, x ∈ I,

Z
(1)
x = Φx(X

S,T , B(1), b̄S, µ̄S) +
∫ x

0
b̄S(y)Uy dy, x ∈ I.

Using the new observations (Ux, Z
(1)
x , x ∈ I), we define the estimator b̂T,S as in Section 5.3

and set µ̂T,S(x) = U2
0 exp(

∫ x

0
2b̂T,S(u) du). Define

Z(2)
x = Φx(X

S, B(2), b̂T,S, µ̂T,S) +

∫ x

0

b̂T,S(y)Uy dy, x ∈ I.

Finally, put Zx = (Z
(1)
x + Z

(2)
x )/2. Let us denote by Ψ the mapping that associates to

(XT , B(1), B(2), B̃, ξ) the couple (U,Z).

4.2. Corollary. Assume that we consider a statistical problem where both parts bI =
(b(x), x ∈ I) and bIc = (b(x), x ∈ Ic) are unknown, but the loss function Lb we con-
sider depends only on bI . If Lb = LbI

is bounded, then for any decision function δ in the

model H̃(T−1/4, ψ(T ), T ) we can construct a decision function δ′ in the diffusion model such
that

lim
T→∞

sup
b0∈Σ

sup
bI∈Σ0(b0)

∣∣Eb[LbI
(δ′)]− Eb[LbI

(δ)]
∣∣ = 0.

Proof. It suffices to take δ′ = δ ◦Ψ. ¤

4.3. A less informative experiment. We present an accompanying sequence of simple
white noise experiments that is globally less informative for the asymptotics T →∞ than
our diffusion experiment. Let us first consider the local experiment

F<
1 := F<

1 (b0, T, ε, η, ζ) := (RL2(R),B⊗L2(R)
R , (QT,<

b )b∈Σε,η,ζ(b0,µb0
)),

where QT,<
b denotes the law of the Gaussian shift experiment

dZ<
x = b(x)

√
µ∗(x) dx + T−1/2 dBx, x ∈ R, (4.4)

with a Brownian motion B on the real line and a measurable function µ∗ : R → [0,∞)
satisfying µ∗(x) ≤ µb0(x) for all x ∈ R, b ∈ Σε,η,ζ(b0, µb0). Hence, F1 with the centre (b0, µb0)
and F<

1 are defined on the same measurable space and only differ in the choice of µb0 and
µ∗, respectively.

We claim that the experiment F<
1 is less informative than F1. In fact, it suffices to construct

a Markov kernel K : RL2(R)×B⊗L2(R)
R → [0, 1] such that QT,<

b = K ⊗ QT
b holds for all
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b ∈ Σε,η,ζ(b0, µb0), see Section 49 in Strasser (1985) or Theorem 2.2 in Le Cam and Yang

(2000). Hence, using µ∗ ≤ µb0 and setting for ϕ ∈ RL2(R)

Gϕ(f) := ϕ
((

µ∗
µb0

)1/2
f
)

+

∫
T−1/2

(
1− µ∗(x)

µb0
(x)

)1/2
f(x) dB̄x

with a Brownian motion B̄ on R, we find that Gϕ is a random functional on L2(R) and
we define the Markov kernel K(ϕ,A) := PB̄(Gϕ ∈ A), where PB̄ denotes the law of the
Brownian motion B̄. Using short-hand notation for the functionals, we obtain∫

K(ϕ,A)QT
b (dϕ) = QT

b ⊗PB̄

(((
µ∗
µb0

)1/2
dZ< + T−1/2

(
1− µ∗

µb0

)1/2
dB̄

)
∈ A

)

= PB ⊗PB̄

((
bµ1/2

∗ dx + T−1/2
((

µ∗
µb0

)1/2
dB +

(
1− µ∗

µb0

)1/2
dB̄

))
∈ A

)

= PB̃

((
bµ1/2

∗ dx + T−1/2dB̃
) ∈ A

)

with a new Brownian motion B̃. Consequently, F<
1 is a randomisation of F1 and thus F1 is

more informative than F<
1 . Under the asymptotics of Theorem 2.16, we conclude by tran-

sitivity that the localised diffusion experiment E1 is asymptotically also more informative
than F<

1 uniformly over b0 ∈ Σ, which means in terms of the Le Cam-deficiency δ

lim
T→∞

sup
b0∈Σ0

δ
(
E1(b0, µb0 , T, ε(T ), η(T ), ζ(T )),F<

1 (b0, µb0 , T, ε(T )η(T ), ζ(T ))
)

= 0.

Of course, for the uniformity in the last result we have to assume µ∗ ≤ µb0 for all b0 ∈ Σ0,
which we shall also do subsequently.

In a second step, we take advantage of the fact that the laws in F<
1 do not depend anymore

on the centre of localisation so that we can apply the usual globalisation procedure, cf.
Lemma 9.3 and its proof in Nussbaum (1996). Let us denote by F< the global white noise
experiment with the law in (4.4) and with the parameter class Σ0 from Definition 3.1. We
claim that F< is asymptotically less informative than E. Following the proof of Proposition
3.9, we use an estimator b̄T/2 from the observation of the diffusion experiment until time
T/2 such that the local neighbourhood is attained asymptotically:

lim
T→∞

inf
b∈Σ0

P
T/2
b

(
b̄T/2 ∈ Σε(T ),η(T ),ζ(T )(b)

)
= 1.

Therefore the diffusion experiment E(T ) is asymptotically more informative than observing
{

dXt = b(Xt) dt + dWt, t ∈ [0, T/2],

dZ<
x = b(x)

√
µ∗(x) dx + (T/2)−1/2 dBx, x ∈ R .

As in Section 5.3, we construct estimators for b based on the observation of Z< and infer
like in Proposition 3.12 that the latter experiment is more informative than F<.

As an application, the result that the global diffusion experiment E is asymptotically more
informative than the white noise experiment F< can be used to infer optimal minimax rates
for the drift estimation under an Lp(I)-loss function and with a standard nonparametric
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class of prescribed regularity contained in Σ0. Choosing µ∗ = infb∈Σ0 µb, we observe that
on the compact interval I the function µ∗ is strictly positive such that it can be bounded
from above and below by a constant factor times some density µb on I. Therefore, when
using the local equivalence result for the asymptotic lower bound (cf. the methodology
in Korostelev and Tsybakov (1993)) and the global deficiency result for the asymptotic
upper bound, the risk bounds will merely differ by a constant factor. We suspect that for
a pointwise loss function the asymptotic deficiency yields in many cases even the exact
asymptotic constants, provided the lower bound is proved locally around the parameter
b0 fulfilling µb0(x0) = µ∗(x0) for the point x0 under consideration. Another possibility to
determine exact asymptotic constants is to use the compound experiment G and to follow
the methodology developed by Nussbaum (1996) for the Pinsker constant.

4.4. General diffusion coefficient. Let us consider the model with non-constant diffu-
sion coefficient

dXt = b(Xt)dt + σ(Xt) dWt, t ∈ [0, T ]. (4.5)

If we suppose continuous-time observations, σ2(x) is perfectly identifiable at all points x
where the local time Lx

T (X) is nonzero. Let us for simplicity assume that the diffusion
coefficient σ is known everywhere, satisfies σ∗ ≤ σ(x) ≤ σ∗, x ∈ R, for some constants
σ∗ ≥ σ∗ > 0 and that σ is differentiable with a continuous bounded derivative. Then the
stochastic differential equation (4.5) has for any initial value a unique strong solution and
for all b ∈ Σ a stationary solution with invariant density

µb,σ(x) = Cb,σσ(x)−2 exp
(∫ x

0

2b(y)

σ2(y)
dy

)
, x ∈ R,

where Cb,σ > 0 is a normalising constant.

Since σ is known, the experiment of observing

X̄t := G(Xt), t ∈ [0, T ], with G(x) =

∫ x

0

1

σ(v)
dv,

is clearly equivalent to that of observing directly (Xt, t ∈ [0, T ]), the stationary solution of
(4.5). By Itô’s formula we infer that X̄ is the stationary solution of the equation

dX̄t = b̄(X̄t) dt + dWt, t ∈ [0, T ], with b̄(x) :=
( b

σ
− σ′

2

)(
G−1(x)

)
.

By transformation, the invariant density µb̄ of X̄ is given by (µb,σ ◦ G−1)(G−1)′. Apply-
ing Theorem 2.16, we conclude that the experiment of observing (4.5) is asymptotically
equivalent to the Gaussian white noise experiment

dZx =
( b

σ
− σ′

2

)(
G−1(x)

)√
µb0,σ

(
G−1(x)

)
σ
(
G−1(x)

)
dx + T−1/2dBx, x ∈ R,

for shrinking neighbourhoods as in Theorem 2.16 in terms of the transformed quantities b̄,
b̄0 and µb̄0 . By regarding the likelihood process, it follows that observing dZ is equivalent
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to observing

dZ̃x =
( b

σ
− σ′

2

)
(x)

√
µb0,σ(x) dx + T−1/2dBx, x ∈ R,

which in turn is equivalent to observing

dVx = b(x)
√

µb0,σ(x) dx + T−1/2σ(x)dBx, x ∈ R .

The asymptotic equivalence with the latter Gaussian white noise experiment can be ex-
plained intuitively by adopting the viewpoint of regression. The random design follows the
density µb0,σ, while the observation noise at the point x has level T−1/2σ(x). Finally, note
that under our rather restrictive assumptions on σ the same globalisation procedure as for
constant diffusion coefficients can be applied.

4.5. Time discretisation. We show that the diffusion experiment based on continuous-
time observations is asymptotically equivalent to its discrete counterpart, provided that
the sampling distance decreases at the appropriate rate. Let P(T ) = {0 = t0 < t1 < . . . <
tN = T} be a grid on the interval [0, T ]. Set di = ti+1 − ti and |P(T )| = maxi=0,...,N−1 di.

We consider the autoregression experiment defined by observing (y1, . . . , yN) from

yi+1 = yi + di b(yi) +
√

di ξi, i = 0, . . . , N − 1, y0 ∼ µb, (4.6)

where ξi are i. i. d. with ξ1 ∼ N(0, 1) and independent of y0. We introduce the function

bP : C([0, T ])× [0, T ] → R, bP(x, t) =
N−1∑
i=0

b(x(ti))1l[ti,ti+1[(t).

For b ∈ Σ this function is progressively measurable and the stochastic differential equation

dXP
t = bP(XP , t) dt + dWt, t ∈ [0, T ], XP

0 ∼ µb, (4.7)

has a weak solution defined by Proposition 2.4. One checks that the laws of the likeli-
hood processes of the experiments (4.6) and (4.7) coincide, therefore these experiments are
equivalent. According to Corollary 2.11, the ∆-distance between the stationary diffusion
experiment (1.2) and the experiment (4.7) tends to zero if

Eb

[ N−1∑
i=0

∫ ti+1

ti

(
b(Xt)− b(Xti)

)2
dt

]
(4.8)

tends to zero uniformly in b. If we assume that b is Hölder continuous with exponent β,
then (4.8) is up to a multiplicative constant bounded by

N−1∑
i=0

∫ ti+1

ti

Eb

[
(Xt −Xti)

2β
]
dt ≤

N−1∑
i=0

∫ ti+1

ti

4Eb

[( ∫ t

ti

b(Xs) ds
)2β

+ (Wt −Wti)
2β

]
dt.

Using the linear growth condition and the boundedness of all moments of Xt under Pb

uniformly over b, one finds that (4.8) tends to zero if
∑N−1

i=0 dβ+1
i ≤ T |P(T )|β → 0. We

infer that if the mesh size |P(T )| satisfies T |P(T )|β → 0 as T → ∞, then the statistical
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experiments (1.2), (4.7) and (4.6) are asymptotically equivalent. Since (XP
t0

, . . . , XP
tN

) is a
sufficient statistics in the experiment (4.7), the asymptotic equivalence between (4.7) and
(1.2) entails the asymptotic sufficiency of (Xt0 , . . . , XtN ) in (1.2). Analogous results for the
diffusion experiment with asymptotically vanishing diffusion coefficient have been obtained
by Milstein and Nussbaum (1998).

Moreover, since we have shown that the total variation distance between PT
b and the law of

XP on
(
C([0, T ]),BC([0,T ])

)
tends to zero, the same holds true for the restrictions of these

measures to the sub-σ-algebra generated by the discrete observations at time instants ti,
i = 0, . . . , N . This implies that the experiments defined by observing (XP

t0
, . . . , XP

tN
) and

(Xt0 , . . . , XtN ) are asymptotically equivalent. Since observing (XP
t0

, . . . , XP
tN

) is equivalent

to observing the whole path XP , and (4.7) is asymptotically equivalent to (1.2), we infer the
asymptotic equivalence of the discretely sampled with the continuously observed diffusion
experiment, as soon as T |P(T )|β → 0.

Note that, although these kinds of discretisation results seem natural, Wang (2002) and
Brown, Wang, and Zhao (2003) have discovered and studied surprising results on the
nonequivalence in the parametric setup for GARCH time series and their diffusion limits. In
this context, an interesting open problem is under which conditions asymptotic equivalence
or non-equivalence for the discrete observation model holds if σ is not known.

5. Appendix

5.1. Variance of local time.

5.1. Proposition. There is a constant C > 0 only depending on the class Σ such that

VarPb
[Ly

T (Y )] ≤ CTµb(y).

Proof. For simplicity we shall omit the index b everywhere in the proof. Let us introduce
the transition density p(x, y; t) = P(Yt ∈ dy |Y0 = x) and the Markov transition operators
Ptf(x) =

∫
f(y)p(x, y; t)dy for functions f in the space L2(µ) of functions square-integrable

with respect to the invariant measure. Its generator L has in our case the divergence form
representation Lf = 1

2
µ−1(µf ′)′ for f in the domain D(L) of L, see Revuz and Yor (1999)

for further details. We find

Var(Ly
T (Y )) =

∫ T

0

∫ T

0

p(y, y; |t− s|)µ(y) dt ds− T 2µ(y)2

=

∫ T

0

2(T − u)(p(y, y; u)µ(y)− µ(y)2) du ≤ 2Tµ(y)

∫ T

0

(p(y, y; u)− µ(u)) du.
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In order to evaluate the integral we make use of the formula for operator semigroups in
Banach spaces (Engel and Nagel 2000, Lemma II.1.3)

∫ T

0

PtLf dt = PT f − f, ∀ f ∈ D(L). (5.1)

Let us introduce the distribution function Fµ(x) :=
∫ x

−∞ µ(ξ) dξ and

Gy(x) :=

∫ x

y

2µ(y)

µ(u)

(
1l[y,∞)(u)− Fµ(u)

)
du.

Then formally LGy(x) = δy(x)− µ(y) holds and thus
∫ T

0

p(x, y; t)− µ(y) dt =

∫ T

0

PtLGy(x) dt = PT Gy(x)−Gy(x). (5.2)

This formula can be justified by using a smoothing function h ∈ C∞(R) with h ≥ 0,∫
h = 1 and compact support and then setting

Gy,ε(x) :=

∫ x

y

∫ u

−∞

2µ(ξ)

µ(z)

(
ε−1h

(
ε−1(y − ξ)

)−
∫

ε−1h
(
ε−1(y − v)

)
µ(v) dv

)
dξ du.

Then Gy,ε lies in the domain of L and satisfies

LGy,ε(x) = ε−1h
(
ε−1(y − x)

)−
∫

ε−1h
(
ε−1(y − v)

)
µ(v) dv.

Applying formula (5.1) to Gy,ε and then letting ε → 0 gives the representation (5.2). By
the contraction property of (Pt)t≥0 we find

lim
T→∞

∫ T

0

p(x, y; t)− µ(y) dt = Eµ[Gy(X0)]−Gy(x).

Now a simple calculation yields

lim
T→∞

∫ T

0

p(y, y; t)− µ(y) dt =

∫
2µ(y)

µ(u)

(
(1− Fµ(u))21l[y,∞)(u) + Fµ(u)21l(−∞,y](u)

)
du.

The conditions on the class Σ ensure supx≤0
Fµ(x)

µ(x)
≤ K and supx≥0

1−Fµ(x)

µ(x)
≤ K with the

constant K = 1
2γ

+ exp(2CA(1+A))
2C(1+A)

. Using this estimate we obtain for y ≥ 0
∫ ∞

y

2µ(y)

µ(u)
(1− Fµ(u))2 du ≤ K2

∫ ∞

y

2µ(y)µ(u) du ≤ 2K2µ(y),

∫ y

−∞

2µ(y)

µ(u)
(Fµ(u))2 du ≤

∫ 0

−∞
2K2µ(y)µ(u) du +

∫ y

0

2µ(y)

µ(u)
du

≤ 2K2µ(y) + 2

∫ y

0

exp
(
2

∫ y

u

b(v) dv
)

du.

According to the conditions in (1.3), in each estimate the right hand side is uniformly
bounded over Σ. We apply the symmetric argument for y ≤ 0. Finally, we observe that
p(y, y; t) − µ(y) ≥ 0 follows for all y ∈ R and t > 0 from the fact that p(x, y; t) − µ(y) is
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the continuous kernel of the nonnegative operator Pt(Id−Π0) with Π0f = Eµ[f(X0)] on
L2(µ). ¤

5.2. Estimators in the diffusion model. Let X = {Xt, t ∈ [0, S]} be a sample path of
a stationary diffusion process satisfying (1.2). Let K : R→ R be a smooth kernel function
with support in [−1, 1]. We shall use the standard kernel estimator of µb

µ̃S(x) =
1

ShS

∫ S

0

K
(x−Xt

hS

)
dt, x ∈ R,

where hS = S−1/(2β+1) is the bandwidth leading to a rate optimal estimator. It is evident
that this estimator is differentiable and its derivative equals

µ̃′S(x) =
1

Sh2
S

∫ S

0

K ′
(x−Xt

hS

)
dt, x ∈ R.

5.2. Lemma. There exist some positive constants m and L1 such that

m ≤ µb(x) ≤ m−1, |µ′b(x)− µ′b(y)| ≤ L1|x− y|β, ∀x, y ∈ I, ∀ b ∈ Σ0.

Proof. Use the uniform boundedness of b on I and the formula µ′b(x) = 2b(x)µb(x). ¤
5.3. Lemma. For any real p > 1, there is some positive constant C1 depending only on
β, L1,m, p such that for any x ∈ I we have

Eb

[(
µ̃S(x)− µb(x)

)2p] ≤ C1S
−p, Eb

[(
µ̃′S(x)− µ′b(x)

)2p] ≤ C1S
−2pβ/(2β+1).

Proof. Using standard arguments, the bias in both cases can be bounded as follows:∣∣Eb[µ̃S(x)]− µb(x)
∣∣ ≤ Chβ+1

S ,
∣∣Eb[µ̃

′
S(x)]− µ′b(x)

∣∣ ≤ Chβ
S.

Let us evaluate the variance term of µ̃′S(x):

Eb

[(
µ̃′S(x)− Eb[µ̃

′
S(x)]

)2p]
= S−2ph−4p

S Eb

[( ∫ S

0

[
K ′

(x−Xt

hS

)
− EbK

′
(x−Xt

hS

)]
dt

)2p]
.

We introduce the function

gx(u) =
2

µb(u)

∫

R
K ′

(x− y

hS

)
µb(y)

(
1l{u>y} − Fµ(u)

)
dy.

The Itô formula applied to the function
∫ •

0
gx(u) du and to the diffusion X yields

∫ XS

X0

gx(u) du =

∫ S

0

gx(Xt) dWt +

∫ S

0

(
K ′

(x−Xt

hS

)
− Eb

[
K ′

(x−Xt

hS

)])
dt.

This equality combined with the Burkholder-Davis-Gundy inequality (Revuz and Yor 1999,
Theorem IV.4.1) leads to the estimate

Eb

[(
µ̃′S(x)− Eb[µ̃

′
S(x)]

)2p] ≤ CS−2ph−4p
S Eb

[( ∫ XS

0

gx(u) du

)2p

+

( ∫ S

0

g2
x(Xt) dt

)p]
.
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The integration by parts formula yields

|gx(u)| =
2hS

µb(u)

∣∣∣∣
∫ 1

−1

K ′(v) µb(x− vhS)
(
1l{u>x−vhS} − Fµ(u)

)
dv

∣∣∣∣

≤ 2hS

∣∣∣K
(x− u

hS

)∣∣∣ +
2h2

S

µb(u)

∣∣∣∣
∫ 1

−1

K(v) µ′b(x− vhS)
(
1l{u>x−vhS} − Fµ(u)

)
dv

∣∣∣∣

≤ 2hS

∣∣∣K
(x− u

hS

)∣∣∣ + Ch2
S.

This term is uniformly in b ∈ Σ0 bounded by ChS. Therefore, we get

Eb

[(
µ̃′S(x)−Eb[µ̃

′
S(x)]

)2p] ≤ C

(ShS)2p

(
Eb[X

2p
S ]+Eb

[( ∫ S

0

∣∣∣K
(x−Xt

hS

)∣∣∣
2

dt

)p]
+Sph2p

S

)
.

The first expectation in the right hand side is uniformly bounded, while the second one
can be estimated by

Eb

[(∫ S

0

∣∣∣K
(x−Xt

hS

)∣∣∣
2

dt

)p]
= Eb

[( ∫

R

∣∣∣K
(x− y

hS

)∣∣∣
2

Ly
S(X) dy

)p]

= hp
S Eb

[( ∫ 1

−1

∣∣K(v)
∣∣2 Lx−vhS

S (X) dv

)p]

≤ 2hp
S sup
|v|≤1

Eb[L
x−vhS
S (X)p].

Using the fact that the expectation of the local time Ly
S(X) is equal to Sµb(y) and the

centred moments of order p are bounded by CSp/2 (Kutoyants 2003, Eq. (1.35)), we get
the estimate

Eb

[(
µ̃′S(x)− Eb[µ̃

′
S(x)]

)2p] ≤ C
(
(ShS)−2p + (ShS)−p + S−3p/2h−p

S + S−p
)
.

In the right hand side of this inequality, the largest term is obviously (ShS)−p and it
decreases to zero at the rate S−2pβ/(2β+1). The evaluation of the variance of µ̃S(x) is even
simpler and will be omitted. ¤

Due to the compactness property derived from Arzela-Ascoli theorem, there exists a finite
subset M = {f1, . . . , fN} of C1(I) such that for any b ∈ Σ0 there exists fb ∈ M such that
supx∈I |fb(x) − µb(x)| + supx∈I |f ′b(x) − µ′b(x)| ≤ S−1/2. Since all the functions µb, µ

′
b, µ

−1
b ,

b ∈ Σ0 are uniformly bounded on I, the same holds for the elements of M. That is
m ≤ f(x) ≤ 1/m and |f ′(x)| ≤ m′ for any x ∈ I and for any f ∈ M. Let µ̄S be the
estimator of µb defined as follows

µ̄S = argminf∈M

(
|f(0)− µ̃S(0)|+ ‖f − µ̃S‖L4 + ‖f ′ − µ̃′S‖(2β+1)/2β

L4

)
,

in the case when the minimiser is not unique, we choose the one having the smallest index.
Obviously, this estimator takes a finite number of values.
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5.4. Lemma. There exists a constant C depending only on the parameters describing the
set Σ0, such that the following inequalities hold:

Eb

[(
µ̄S(0)− µb(0)

)2] ≤ CS−1, (5.3)∫

I

Eb

[(
µ̄S(x)− µb(x)

)4]
dx ≤ CS−2, (5.4)

∫

I

Eb

[(
µ̄′S(x)− µ′b(x)

)4]
dx ≤ CS−4β/(2β+1). (5.5)

Proof. The proof of these estimates follows from Lemma 5.3 and the definition of µ̄S using
standard compactness arguments (Nussbaum 1996, p. 2424). ¤

Using this estimator µ̄S and the formula b(x) = µ′b(x)/2µb(x), we define the estimator b̄S

of the drift b by b̄S(x) = µ̄′S(x)/2µ̄S(x). Due to µ̄S ∈ M we have

|b̄S(x)− b(x)| ≤ |µ′b(x)− µ̄′S(x)|
2µb(x)

+
|µ̄′S(x)| |µb(x)− µ̄S(x)|

2µb(x)µ̄S(x)

≤ C
(|µ′b(x)− µ̄′S(x)|+ |µb(x)− µ̄S(x)|)

for any x ∈ I. An obvious consequence of this inequality and Lemma 5.4 is

sup
b∈Σ0

∫

I

Eb

[(
b̄S(x)− b(x)

)4]
dx ≤ CS−4β/(2β+1). (5.6)

5.3. Estimators in the conditionally Gaussian model. Let (Z,U) be given by (3.4).
The aim in this subsection is to construct estimators of b and µb based on the observations
(Ux, Zx, x ∈ I). Let K be a kernel as before, h = hT−S = (T −S)−1/(2β+1) and let m be the
constant from Lemma 5.2. We define

b̂T,S(x) =
1

h





∫
I
K

(
x−y

h
− 1

)
U−1

y dZy, if x > 0 and infy∈I Uy >
√

m/2,∫
I
K

(
x−y

h
+ 1

)
U−1

y dZy, if x ≤ 0 and infy∈I Uy >
√

m/2,

0, if infy∈I Uy ≤
√

m/2.

Of course, this definition is used when x ∈ I; for x 6∈ I the estimator b̂T,S(x) is defined to
be equal to b0(x). The estimator of µb is simply µ̂T,S = µbbT,S

.

5.5. Lemma. For any p > 0 there exist some constants c, C > 0 such that

sup
b∈Σ0

∫

I

ÊT−S,ϕ
b

[(̂
bT,S(x)− b(x)

)2p]
dx ≤ C((T − S)−2pβ/(2β+1) + e−cϕ−2

),

sup
b∈Σ0

∫

I

ÊT−S,ϕ
b

[(
µ̂T,S(x)− µb(x)

)2p]
dx ≤ C((T − S)−p + e−cϕ−2

).

Proof. The first inequality can be obtained by evaluating the L2p-risk of the classical kernel
estimator on the event {infx∈I Ux >

√
m/2} and by bounding the probability of the event
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{infx Ux ≤ √
µ1/2} using the inclusion {infx Ux ≤ √

µ1/2} ⊂ {supx∈I(ξ+B̃x) ≥ ϕ−1
√

m/2}
and the result by Lévy that supx∈[0,D] Bx has the same law as |BD| (Karatzas and Shreve
1991, Thm. 3.6.17).

To show the second inequality, one checks first that the expectation of any power 2p of

supx∈I |
∫ x

0
(b− b̂T,S)(v) dv| is bounded by C(T − S)−p. Afterwards, the explicit expression

of the mapping b 7→ µb yields the estimate
∣∣µb(x)− µbb(x)

∣∣ ≤ (
µb(x) + µbb(x)

)
sup
x∈R

∣∣1− e2
R x
0 (b−bb)(v)dv

∣∣.

To end up, the inequality |ea − 1| ≤ 2a, ∀ a ∈ [−1, 1] for bounding the expectation on the

event W = {supx∈R |
∫ x

0
(b − b̂T,S)(v) dv| < 1} and the Chebyshev inequality for bounding

the same expectation on Wc are applied. ¤

5.6. Remark. So far, the estimators b̂T,S and µ̂T,S do not take values in countable subsets
of C(I), but the corresponding modifications of the previous subsection apply here as well.
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